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FIGURE 4.1 The function at the bottom is the sum of the four functions above it.
Fourier’s idea in 1807 that periodic functions could be represented as a weighted sum
of sines and cosines was met with skepticism.
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FIGURE 4.4 (a) A simple function; (b) its Fourier transform; and (c) the spectrum. All functions extend to
infinity in both directions.
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(a) A continuous
0 d function. (b) Train
of impulses used
sar(?) to model the

‘ sampling process.
(c) Sampled
function formed

as the product of
‘ ‘ ‘ ‘ ‘ (B and ()
(d) Sample values
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FIGURE 4.6

(a) Fourier
transform of a
band-limited
function.

(b)-(d)
Transforms of the
corresponding
sampled function
under the
conditions of
over-sampling,
critically-
sampling, and
under-sampling,
respectively.
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filter transfer
function.
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used to extract
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infinitely periodic
sequence in (a).
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FIGURE 4.9 (a) Fourier transform of an under-sampled, band-limited function.
(Interference from adjacent periods is shown dashed in this figure). (b) The same ideal
lowpass filter used in Fig. 4.8(b). (c) The product of (a) and (b). The interference from
adjacent periods results in aliasing that prevents perfect recovery of F(uw) and,
therefore, of the original, band-limited continuous function. Compare with Fig. 4.8.
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FIGURE 4.10 Illustration of aliasing. The under-sampled function (black dots) looks
like a sine wave having a frequency much lower than the frequency of the continuous
signal. The period of the sine wave 1s 2 s, so the zero crossings of the horizontal axis
occur every second. AT is the separation between samples.
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FIGURE 4.18 Illustration of jaggies. (a) A 1024 X 1024 digital image of a computer-generated scene with
negligible visible aliasing. (b) Result of reducing (a) to 25% of its original size using bilinear interpolation.
(c) Result of blurring the image in (a) with a 5 X 5 averaging filter prior to resizing it to 25% using bilinear
interpolation. (Original image courtesy of D. P. Mitchell, Mental Landscape, LLC.)
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FIGURE 4.19 Image zooming. (a) A 1024 X 1024 digital image generated by pixel
replication from a 256 X 256 image extracted from the middle of Fig. 4.18(a).
(b) Image generated using bi-linear interpolation, showing a significant reduction in

jaggies.
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Spatial Domain’ Frequency Domain" TABLE 4.1 Some
symmetry
1) f(x.y)real < F'(u.v) = F(—u, —v) properties of the
) ) . 2-D DFT and its
2) f(x,y)imaginary < F(—u, —v)=—F(u,v) inverse. R(u, v)
3) f(x,y)real < R(u,v)even:I(u, v) odd and I(u. “1_”} are the
real and imaginary
4) f(x,y)imaginary < R(u,v)odd;I(u, v) even parts of F(u,v),
. i respectively. The
5 —X, — .
) f(—x,—y)real <  F (u,v)complex term complex
6) f(—x, —y) complex <  F(—u, —v) complex indicates that a
. . function has
7) f(x,y)complex <  F (—u — v)complex nonzero real and
8) f(x,y)realandeven <«  F(u,v)real and even imaginary parts.
9) f(x,y)realand odd <  F(u,v)imaginary and odd
10) f(x,y)imaginary and even <  F(u, v)imaginary and even
11) f(x,y)imaginary and odd <  F(u,v)real and odd
12) f(x.y)complex and even <«  F(u,v)complex and even
13) f(x,y)complex and odd <«  F(u,v)complex and odd

"Recall that x. y. u, and v are discrete (integer) variables, with x and « in the range [0, M — 1]. and y, and
v in the range [0, N — 1]. To say that a complex function is even means that its real and imaginary parts
are even, and similarly for an odd complex function.
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FIGURE 4.23
Centering the
Fourier transform.
(a) A 1-D DFT
showing an infinite
number of periods.
(b) Shifted DFT
obtained by
multiplying f(x)
by (—1)* before
computing F(u).
(c) A2-D DFT
showing an infinite
number of periods.
The solid area is
the M X N data
array, F(u,v),
obtained with Eq.
(4.5-15). This array
consists of four
quarter periods.
(d) A Shifted DFT
obtained by
multiplying f(x, y)
by (—1)*"

before computing
F(u,v).The data
now contains one
complete, centered
period, as in (b).
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FIGURE 4.24

(a) Image.

(b) Spectrum
showing bright spots
in the four corners.
(c) Centered
spectrum. (d) Result
showing increased
detail after a log
transformation. The
zero crossings of the
spectrum are closer in
the vertical direction
because the rectangle
in (a) is longer in that
direction. The
coordinate
convention used
throughout the book
places the origin of
the spatial and
frequency domains at
the top left.
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FIGURE 4.3

(a) Image of a

20 = 40 white
rectangle on a
black background
of size 512 x 512

pixels

(b) Centered

Fourier spectrum T T

shown after “'""““"" ——
'clp}'!l]{C'dHU['l ST T

of the log
transformation
given in
Eq.(3.2-2).
Compare with
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FIGURE 4.25

(a) The rectangle
in Fig.4.24(a)
translated,

and (b) the
corresponding
spectrum.

(c) Rotated
rectangle,

and (d) the
corresponding
spectrum. The
spectrum
corresponding to
the translated
rectangle is
identical to the
spectrum
corresponding to
the original image
in Fig. 4.24(a).
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FIGURE 4.26 Phase angle array corresponding (a) to the image of the centered rectangle
in Fig. 4.24(a), (b) to the translated image in Fig. 4.25(a), and (c) to the rotated image in
Fig.4.25(c).
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FIGURE 4.27 (a) Woman. (b) Phase angle. (c) Woman reconstructed using only the
phase angle. (d) Woman reconstructed using only the spectrum. (e) Reconstruction
using the phase angle corresponding to the woman and the spectrum corresponding to
the rectangle in Fig. 4.24(a). (f) Reconstruction using the phase of the rectangle and the
spectrum of the woman.
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FIGURE 4.28 Left
column:
convolution of
two discrete
functions
obtained using the
approach
discussed in
Section 3.4.2. The
result in (e) is
correct. Right
column:
Convolution of
the same
functions, but
taking into
account the
periodicity
implied by the
DFT. Note in (j)
how data from
adjacent periods
produce
wraparound error,
vielding an
incorrect
convolution
result. To obtain
the correct result,
function padding
must be used.
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3) Polar representation

4) Spectrum

5) Phase angle

6) Power spectrum

7) Average value

Name Expression(s)
1) Discrete Fourier M-1N-1 . .
transform (DFT) F(u,v) = D, D flx, y)e /mux/MroyN)
of f(x,y) x=0 y=0
2) Inverse discrete | M-IN-I
Fourier transform flx,y) = 2 EF(”~ v) e s/ M+vy/N)
(IDFT) of Fu. v) MN = 550

Flu. v} = |F(u. w)|ef'-r’ﬂf-‘~1‘J

12

|F (. v)| = [R¥u.v) + I*(u.v)]
R = Real(F); I = Imag(F)

I(u, v
du, v) = lan_l[ (.u L}J
Riu, v)

P(u.v) = |F(u, v)|?

-1 N-1

flx.y) = EEfxy)—— F(0,0)

N =0 350

(Continued)
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8) Periodicity (ky and
k» are integers)

9) Convolution

10) Correlation

11) Separability

12) Obtaining the mverse
Fourier transform
using a forward

transform algorithm.

Flu.v) = Flu + kkM.v) = Flu.v + k,N)
= F(u + kM. v + k>N)
f(x.y) = flx + kyM. y) = f(x.y + koN)
=f(x +kiM.y + koN)
M-1N-1

fle,y)y*h(x.y) = X > flm.n)h(x —m.y —n)

m=0 n=0

M-1N-1
fx.y)#eh(x.y) = 3 2 f(m n)h(x + m.y + n)
m=0 n=0
The 2-D DFT can be computed by computing 1-D
DFT transforms along the rows (columns) of the
image, followed by 1-D transforms along the columns
(rows) of the result. See Section 4.11.1.
. M-1N-1 ., .
MNf (.x‘ .}J) — 2 EF (u., E}E—Juﬁuifo+1?_}ijJ

u=0 v=0 N .
Thisequation indicates that inputting F (u, ) into an

algorithm that computes the forward transform
(right side of above equation) vields MNF (x, v).
Taking the complex conjugate and dividing by MN
oives the desired inverse. See Section 4.11.2.
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2
3. H(u,v)x F(u,v)
4. DEF

5. %LH

6. BB (D" x(O)FER,
TR EIR = 0 [G(u,v)]

G(u,v)=H(u,v)F(u,v)

Frequency domain filtering operation

Filter
function
Hiu,v)

[nverse
Fourier
transform

Fourier
transform

flxy) g2(x.y)
[nput Enhanced
image image

FIGURE 4.5 Basic steps for filtering in the frequency domain.
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FIGURE 4.29 (a) SEM image of a damaged integrated circuit. (b) Fourier spectrum of
(a). (Original image courtesy of Dr. J. M. Hudak, Brockhouse Institute for Materials

Research, McMaster University,

Hamilton, Ontario, Canada.)
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FIGURE 4.6
Result of filtering
the image in

Fig. 4.4(a) with a
notch filter that
set to O the
F(0,0) term in
the Fourier
transform.
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FIGURE 4.31 Top row: frequency domain filters. Bottom row: corresponding filtered images obtained using
Eq.(4.7-1).We used @ = 0.85 in (c) to obtain (f) (the height of the filter itself is 1). Compare (f) with Fig.4.29(a).
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FIGURE 4.32 (a) A simple image. (b) Result of blurring with a Gaussian lowpass filter without padding
(c) Result of lowpass filtering with padding. Compare the light area of the vertical edges in (b) and (c)
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FIGURE 4.33 2-D image periodicity inherent in using the DFT. (a) Periodicity without

image padding. (b) Periodicity after padding with 0s (black). The dashed areas in the 42
center correspond to the image in Fig. 4.32(a). (The thin white lines in both images are
superimposed for clarity; they are not part of the data.)
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FIGURE 4.34

(a) Original filter
specified in the
(centered)
frequency domain.
(b) Spatial
representation
obtained by
computing the
IDFT of (a).

(c) Result of
padding (b) to twice
its length (note the
0.04 T 12 T T T discontinuities).

l —
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0.8 —

0.6 — 0.02

04 1= 0.01

02—

0

-02 ‘ —0.01
0 255

(d) Corresponding
- 1= ] filter in the
0.03 = frequency domain
08— - obtained by
L computing the DFT
002 06— T of (c[;‘ Note the
ringing caused by
0.01 — 04— m the discontinuities
in (c). (The curves
02— T appear continuous
0 because the points
0 1 F were joined go 43
implify visual
—0.01 ‘ —02 ' ' ' o

0 128 255 0 128 256 384 511 analysis.)
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FIGURE 4.9

(a) Gaussian
frequency domain
lowpass filter.

(b) Gaussian
frequency domain
highpass filter.

(¢) Corresponding
lowpass spatial
filter.

(d) Corresponding
highpass spatial
filter. The masks
shown are used in
Chapter 3 for
lowpass and
highpass filtering.
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FIGURE 4.43

(a) Representation
in the spatial
domain of an
ILPF of radius 5
and size

1000 X< 1000.
(b) Intensity
profile of a
horizontal line
passing through
the center of the
image.
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FIGURE 4.19

(a) Sample text of
poor resolution
(note broken
characters in
magnified view).
(b) Result of
filtering with a
GLPF (broken
character
segments were
joined).

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingiy, the
company's software may
recognize a date using "G0"

as 1900 rather than the vEar
2000. }l

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"

as 1900 rather than the ygEar
2000. }l
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FIGURE 4.20 (a) Original image (1028 x 732 pixels). (b) Result of filtering with a GLPF with D, = 100.
i(c) Result of filtering with a GLPF with D, = 80. Note reduction in skin fine lines in the magnified sections
of (b)and (c).
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FIGURE 4.21 (a) Image showing prominent scan lines. (b) Result of using a GLPF with D, = 30. (¢) Result
of using a GLPF with D, = 10. (Original image courtesy of NOAA.)
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O —iaE&I(x,y) AT AR ARG 3 E R R 5T 57 2RI
f(x.y) = 1xy)r(x.y)

ORmMEXAEEHRERS AT 7E D AFITERE, B

AN R BERFAAE TR EZAR A 57587,

F{T(y)} # FGy) JEr(x.y)}

O FAIxBlIG RS mRAEX &, WA LUSA A5
z(x,y) = Inf(x,y) =Ini(xy) +Inr(xy)
F{In f(x,y)} = F{In i(x,y)} + F{In r(x,y)}
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[EI7ZSIR R IR

1. FEIBECSHE:  f(xy) = Ini(xy) + Inr(xy)
2. PAEUTERZHR: F(uv) =1(uv) + R(u,v)
3. H—3ig R E H(u,v)ZIE F(u,v):
H(u,v)F(u,v) = H(u,v) I(u,v) + H(u,v) R(u,v)
4. REHRE S
S(x,y) = 1'(xy) + 7'(x.y)
5. MIAEUEH:
g(x.y) = exp{i'(x.y)} exp{r'(x.y)}=is(X.y) ro(x.y)
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TABLE 4.6

Bandreject filters. W is the width of the band, D is the distance D(u, v) from the center of the filter, Dy is the
cutoff frequency, and » is the order of the Butterworth filter. We show D instead of D(u, v) to simplify the
notation in the table.

Ideal Butterworth Gaussian
0 itDy-Y <p=p,+ ¥ Huw) = : >
— — = = R » n Dt 2
H(u,v) = 2 2 Le | PW Hu,v)=1— ¢ o7
1 otherwise D? — D}

O BEFE. FIRRKES
FIZI:)RE 4.63

(a) Bandreject
Gaussian filter.

(b) Corresponding
bandpass filter.
The thin black
border in (a) was
added for clarity; it
is not part of the
data.
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FIGURE 4.64

(a) Sampled
newspaper image
showing a

moiré pattern.
(b) Spectrum.
(c) Butterworth
notch reject filter
multiplied by the
Fourier
transform.

(d) Filtered
image.
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FIGURE 4.63

(a) 674 X 674
image of the
Saturn rings
showing nearly
periodic
interference.

(b) Spectrum: The
bursts of energy
in the vertical axis
near the origin
correspond to the
interference
pattern. (¢) A
vertical notch
reject filter.

(d) Result of
filtering. The thin
black border in
(c) was added for
clarity; it is not
part of the data.
(Original image
courtesy

of Dr. Robert

AL West,

| NASA/JPL.)
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FIGURE 4.66

(a) Result
(spectrum) of
applying a notch
pass filter to

the DFT of

Fig. 4.65(a).

(b) Spatial
pattern obtained
by computing the
IDFT of (a).
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